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INTRODUCTION

In mathematics, graph theory is the study of graphs, which are
mathematical structures used to model pairwise relations
between objects. A graph in this context is made up of vertices
(also called nodes or points) which are connected by edges (also
called arcs, links, or lines). The basic framework of graphs was
introduced in the eighteenth century by Leonhard Euler in 1736
to resolve the Konigsberg bridge problem. While graph theory
was initially viewed as an isolated branch of recreational
mathematics, recent developments have provided a strong
impetus for its rigorous expansion across areas like network
architectures, chemistry, and electrical circuits.

A graph G = (V(G), E(G)) consists of a non-empty set of
vertices V(G) and a set of edges E(G). Each edge ¢ € E has an
associated pair of vertices called its endpoints. The line graph
of an undirected graph G is the graph L(G) that represents the
adjacencies between the edges of G. Formally, L(G) is
constructed by mapping each edge of G to a unique vertex in
L(G), where two vertices in L(G) are connected by an edge if
and only if their corresponding edges in G share a common
vertex. The two foundational characterizations of line graphs
are established by Krausz and Beineke.

Given a graph G, we denote the kth iterated line graph of G by
Lk(G), where

Lk(G) = L(Lk-1(G)), k> 1,
with
LO(G) =G.

In this work, we study the numerical and qualitative behavior of
classic parameters under iteration. We focus specifically on
prolific graphs: connected graphs that are not isomorphic to any
path Pk, any cycle Ck, or the claw graph K1,3.

Following the seminal work of Van Rooij and Wilf (1965), the

sequence of iterated line graphs for a finite connected graph

exhibits exactly four behaviors:

« If G is a cycle graph, then L(G) and each subsequent
iteration are isomorphic to G.

o If Gis the claw K1,3, then L(G) and all subsequent graphs
are isomorphic to triangles (K3).

* If G is a path, each subsequent iteration is a shorter path
until the sequence terminates into an empty graph.

* In all remaining cases (prolific graphs), the size and order
of the graphs increase without bound.

1. BASIC CONCEPTS & PREPARATORY TOOLS
Definition 1.1.

A graph is an ordered triple G = (V(G), E(G), 1G), where V(G)
is a non-empty set of vertices, E(G) is a set of edges disjoint
from V(G), and IG is an incidence map associating each edge
with an unordered pair of vertices.

Definition 1.2.

Let G be a loopless graph. The vertex set of the line graph L(G)
is in a one-to-one correspondence with the edge set of G, and
two vertices of L(G) are adjacent if and only if their
corresponding edges share a common endpoint in G.

Definition 1.3.

A Hamiltonian cycle in a graph G is a cycle that visits every
vertex of G exactly once and returns to the starting vertex. A
graph is Eulerian if it contains a closed trail that traverses every
edge exactly once.

Definition 1.4.

A star graph K1, n—1 is a complete bipartite graph where n—1
vertices have degree 1 and a single central vertex has degree
n—1. A caterpillar is a tree in which all vertices are within
distance 1 of a central path, and a lobster is a tree that reduces
to a caterpillar after removing all its pendant vertices.

Theorem 1.5 (Jensen's Inequality).

If f is a real continuous function that is convex on a given
domain, then

fl(1/n) Z(i=1 to n) xi] < (1/n) (i=1 to n) f(xi)

Equality holds if and only if x1 =x2 = --- = xn or if f is strictly
linear over the domain.

Theorem 1.6.
For any graph G with average degree d(G), the average degree
of its line graph d1(G) satisfies

d1(G) = 2(d(G) — ),
with equality holding if and only if G is regular.

Proof.
Let
nl(G) =e(G) = % X deg(vj)

and
2¢(G) = n-d(G).

The number of edges in the line graph is given by
el(G) = ZveV(Q) (deg(v) choose 2).

By applying Jensen's inequality to the convex function
f(x) = x2, we obtain

2e1(G)
=X deg(vj)* — 2e(G)
>n-d(G)* — n-d(G).

Therefore,
d1(G)
=2¢1(G)/n1(G)
>2(d(G) — 1).
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Theorem 1.7.
Let G be a connected graph and H a non-empty subgraph of G.
Then

el(G) — el(H) > e(G) — e(H).

2. BASIC PROPERTIES AND
DYNAMICS OF LINE GRAPHS

Line graphs translate structural characteristics from edge

adjacencies to vertex relationships. The basic structural

mappings are formalized as follows:

* A graph G is connected if and only if L(G) is connected.

+ IfH <G, then L(H) < L(G).

* If Gisr-regular, then L(G) is (2r — 2)-regular.

* Ife=uv € E(G), its degree as a vertex in L(G) is given by
dL(G)(e) = dG(u) + dG(v) — 2.

HAMILTONIAN

Summing across the vertex degrees of L(G) provides the exact
edge count for the line graph system:

m(L(G)) =% X(i=1 ton) di> — m

where (d1, d2, ..., dn) represents the degree sequence of G and
m = e(G).

Theorem 2.1.
The line graph of a simple graph G is a path if and only if G is a
path.

Proof.

If G is a path Pn, then L(G) = Pn—1. Conversely, suppose L(G)
is a path. No vertex in G can have a degree greater than 2,
because a vertex of degree > 3 would produce a complete
subgraph K3 in L(G), contradicting its path topology. Thus, G
must be a path or a cycle; since L(Cn) = Cn, G must be a path.

Theorem 2.2 (Harary—Nash-Williams).

The line graph L(G) of a graph with at least three edges is
Hamiltonian if and only if G contains a dominating trail, which
is a closed trail such that every edge of G not belonging to the
trail is incident to it.

Corollary 2.3.
If G is a connected graph with minimum degree 6(G) > 3, then
L*(G) is Hamiltonian.

Proof.

Since 8(G) > 3, every vertex in L(G) is a member of a clique of
size at least 3. Thus, every edge of L(G) is a component of a
triangle, satisfying the requirements for L(G) to possess a
dominating trail. Hence,

L(L(G)) =LXG)

1s Hamiltonian.

3. INDEX EVOLUTION
UNBOUNDEDNESS

For any structural parameter P(G), we define the parameter

index for a graph family F as the minimum iterations required

to guarantee a strict monotonic increase in the parameter's

value.

AND PARAMETER

Definition 3.1.
The parameter index of a prolific graph G is denoted by
ind(P,G) = min{r : P(G) < P(Lr(G))}.

For a family F of prolific graphs, the family index is
k(P,F) = max{ind(P,G) : G € F}.

3.1 Order and Size Indices (n(G) and e(G))

Theorem 3.2.
Let G be a prolific graph on n > 4 vertices. Then

k(n,F)=4
and
k(e,F)=2.
Proof.

Ife(G) > n + 1, then
ni(G) =e(G) >n,

meaning ind(n,G) = 1. If e¢(G) = n (unicyclic containing a
pendant path), then n2(G) > n. When ¢(G) =n — 1, G is a tree.
Analyzing structural tree subdivisions shows that if xs = 1 and
G is a Type A subdivision of K1,3, the vertex count remains
constant until the fourth iteration, where

ns(G) >n + 3.

This establishes the tight upper bound
k(n,F)=4.

3.2 Extreme Degrees (A(G) and 6(G))

Definition 3.3.
A connected graph G is defined as fine if it contains at least one
edge e = uv such that

deg(u) + deg(v) — 2 > A(G).

Theorem 3.4.
Let G be a prolific graph with maximum degree A > 3. Then
k(A,F)=3.

Theorem 3.5.

Let F be the family of all prolific graphs. If
Fi={G:3(G) € {1,2}},

then
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k(3,F1) = .
However, if

Fo={G:8(G) >3},
then
k(8,F2) = 1.

Proof.

For graphs containing a long path segment of length m ending
in a leaf, the vertex of degree 1 requires m line-graph iterations
to be eliminated, pushing the index toward infinity as path
length grows.

For 6 > 3,
51(G) > 26(G) — 2 > 6(G)

occurs within a single step.
3.3 Chromatic Number and Clique Number (y(G) and ®(G))

Theorem 3.6.
For the family of all prolific graphs,

k(x,F) =3
and
k(w,F) = 3.

Proof.

By Vizing's theorem,

x(G) =x(G) € {AG), A(G)*1}.

Analyzing the configuration CP(3,n—3) (a triangle with an
attached path) shows that

G =1(G) = 1(G) = 3,

and a strict increase is achieved at the third step with
1(G) =4.

This proves that
k(x,F) = 3.

For the clique index,

ind(0,G) =3

occurs exclusively if ® =4 for G = K4 or when © = A = 3 with
the vertices of maximum degree forming an independent set.

4. WIENER INDEX OPTIMIZATION IN ITERATED
LINE SYSTEMS

The Wiener index W(G) is a classical chemical descriptor

defined as the sum of distances between all unordered pairs of

vertices:

W(G) = Z{u,vEV(G)} d(u,v)

Theorem 4.1.
If G is a connected unicyclic graph of order n, then
W(L(G)) = W(G),

with equality holding if and only if
G = Cn.

Theorem 4.2.
Let T be a tree of order n > 2. Then
W(L(T)) = W(T) - C(n,2)

where

C(n,2) =n(n—1)/2.

Consequently, the Wiener indices of a tree and its first line
graph are always distinct.

This structural property raises an intriguing mathematical
question: do there exist configurations satisfying
W(LA(T))=W(T)?

Comprehensive computational searches across all trees of order
n < 26 reveal exactly how these trees are distributed, as
summarized in Table 4.1.

Table 4.1: Distribution of Trees of Order n Satisfying W(L2(T)) = W(T)

Order | Total Invariant | Order | Total Trees |Invariant Trees
(n) | Trees (tn)| Trees (wn) (n) (tn) (wn)
9 47 1 18 123,867 73
10 106 1 19 317,955 204
11 235 1 20 823,065 231
12 551 0 21 2,144,505 513
13 1,301 7 22 5,623,756 576
14 3,159 8 23 14,828,074 1,520
15 7,741 22 24 39,299,897 1,715
16 19,320 25 25 104,636,890 3,763
17 48,629 66 26 279,793,450 4,085

Theorem 4.3.

There exist infinite structural families of trees—specifically
within the classes of lobsters and caterpillars—that satisfy the
second-order line-graph invariance property

W(LA(T)) = W(T).

Proof.

We construct an explicit infinite family of lobsters Tk
characterized by central branches of precisely defined lengths:
xk =(32)(k* -k +2)
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and

yk=32)k*+k+2), k=>0.

Because

xk+1 =yk,

consecutive  configurations match along  asymmetric

dimensions, allowing the net distance gains in L*(T) to perfectly
balance out the structural losses from L(T). This algebraic
balancing confirms the existence of an infinite family.

Theorem 4.4.

Let S be a generalized star featuring A branches of lengths k1,
k2, ..., kA around a central vertex, and let q = e(S). If A = 3,
then

W(LA(S)) < W(S).
If A>7, then
W(LAS)) > W(S).

Consequently, any generalized star with invariant second-order
behavior must have a maximum degree

A€ {4,5,6).

CONCLUSION

This study demonstrates how structural features evolve under
iterated line-graph operators. We established tight upper bounds
for the indices of classical structural parameters—such as order,
size, maximum and minimum degree, chromatic number, and
clique number—over the family of prolific graphs. We also
provided a structural characterization of graphs that preserve
the Wiener index across iterations.

These structural findings show that balancing local edge
densities against global path expansions can keep graph
parameters stable under iteration. This operational framework
opens up several paths for future research, particularly
regarding the bounds of independence numbers, domination
constraints, and spectral gap expansions in iterated graph
systems.
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